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Abstract. Let p be an odd prime. In the paper, by using the properties of Legendre 

polynomials we prove some congruences for '^^^q ( ^) m^^ (mod p^). In particular, we 
confirm several conjectures of Z.W. Sun. We also pose 13 conjectures on supercongruences. 
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1. Introduction. 

>■ ■ Let p be an odd prime. In 2003, Rodriguez- Villegas [11] conjectured the following 

^ ■ congruence: 

^ : (p-l)/2 /2fcN2 

o : 

This was later confirmed by Mortenson [7] via the Gross-Koblitz formula. See also [9] 
and [10, p. 204]. Recently my twin brother Zhi-Wei Sun [13] obtained the congruences for 

X! ■ EfclJ (?) rn-^ (mod p) in the cases m = 8,-16,32, and made several conjectures for 

! YTk=o (?) (mod p^). For example, he conjectured 



.121 ^^vH''(2)!^ fO(modp^) if4|p-3 

^ ' ' f-^ 32^= I 2a - :f (mod p^) if 4 I p - 1 
fc=0 ^ ^ ^ ' ' ^ 



2a — ^ (mod p^) if 4 | p — 1 and p = a^ -f 6^ with 4 | a — 1. 
Let {Pn{x)} be the Legendre polynomials given by 



Vl - 2xt + t2 

It is weU known that (see [6, pp. 228-232], [4, (3.132)-(3.133)]) 

r. ^ ^ 1 'v^' (-l)'=(2n-2A;)! 1 ^",2 .^ 

(1.3) PJx) = —y -^7 HtTT TTT^; = T-^ (2^ -1 

^ ' ^' 2^ ^ k\{n-k)\{n-2k)\ 2^ ■ n\ dx"^^ ' 
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and (n+ l)Pn+i{x) = (2n + l)xPn{x) — nPn-i{x), where [x] is the greatest integer not 
exceeding x. 

In the paper, by using the expansions of Legendre polynomials we obtain some con- 
gruences for Pp-i (x) modulo p^, where p is an odd prime and a; is a rational p-integer. 

2 

For example, we have 

p-l (2k\'^ 

(1.4) - i-l)"^ {I - x)') ^ (mod/), 

fe=0 

and 

p— 1 r) 

(1.5) ^ -^Y^ (^'^ ~ (~)^~'') ^ ^ a; ^ (mod p), 
k=o ^ 

where (^) is the Legendre symbol. Taking a: = 1 in (1.4) we obtain (1.1) immediately, 
and taking x = | in (1.4) we deduce (1.2) for p = 3 (mod 4). We also determine 

ES # /c(fc - 1) • • • (fc - r + 1) (mod p^) for r G {1, 2, . . . , H^}, i^^d p) 

and pose some conjectures on supercongruences concerning binary quadratic forms. 

Throughout this paper we use Z, N and Zp to denote the sets of integers, positive 
integers and rational p-integers for a prime p, respectively. 

2. Main results. 

Lemma 2.1. For n e N toe have 




Proof. From [4, (3.135)] we have the following result due to Murphy: 




As = ("r)G)> we obtain the result. 

Lemma 2.2. Let p he an odd prime and A; e {1, 2, . . . , (p — l)/2}. Then 
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Proof. Clearly 



2k J {2k)\ 

_ {p + 2k - l){p + 2k - 3) ■ ■ ■ {p - {2k - 3)){p - {2k - 1)) 
~ 22fe . (2A-)! 

(p2 _ i2^^p2 _ 32) . . . (p2 _ ^2k - 1)2) 



22^= . {2k)\ 

\k l2 q2 /ol, i\2 



{-ir-l'-3'...{2k-iy 2v-^^^r 

wTm\ 1'"^ 2:7^— ipj (--dp). 



{2k)\ V -^(2i-l)^ 

To see the result, we note that 

12 ■ 32 ■■ -(2^-1)2 (2fc)!2 (2fc)! _ _gO 

22fc . {2k)\ ~ (2 • 4 • • • (2/c))2 • 22^= . (2A;)! ~ 2^^ • ~ ' 

Let p be an odd prime, and let {^(n)} be the Apery numbers given by 

n / , , \ 2 / \ 2 



It is well known that (see [1],[10]) A{^-^) = a{p) (mod p^), where a{n) is defined by 

00 00 
qY[{l-q^-)\l-q^-f^Y.<'')'l"- 

By the fact ("+^) (^) = ("3+'=) i^^) and Lemma 2.2 we have 

fe=0 ^ / \ / ^ ' ^ ^ 

Hence 

P~ 1 A 

(2.2) a(p) ^ ^(^) ^ E ^ (-°d ^'')- 

fe=0 

Let 6(?i) be given by qH^iII ~ q"^"^)^ = ^^j^ h{n)q^. Then Mortenson [8] proved the 
following conjecture of Rodriguez- Villegas: 

3-1 o 

— /2fc^■^ 
V k 
43/0 



(2.3) E%^ = ^(^')(-°d/). 



/s=l 
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Theorem 2.1. Let p be an odd prime and let x be a variable. Then 

A;=0 fc=0 

Proof. For a variable t, by Lemmas 2.1 and 2.2 we have 

fc=0 ^ / \ / ;j=o 

It is known that (see [6]) Pn{t) = (-l)^Pn(-*)- Thus, by (2.4), 



k=0 k=0 



p-l pfcN2 

Now taking t = 1 — 2a; in the congruence we deduce J2k=o le^ ('^^^ ^ ~ 
x)'^) =0 (mod p"^). To complete the proof, we note that for k E {^^, ... ,p — 1}, 
{^^) = 2k{2k - 1) ■ ■ ■ {k + l)/k\ = (modp). 

Theorem 2.2. Xeip &e an odd prime. Then 

-2- /2A:^^ 



^(/c) _/0(modp2) z/4|p-3, 



n 



fe^o ^^'^ I 2a - ^ (mod p^) if A \ p - 1 and p = a"^ + 9 with 4 | a - 1. 

Proof. When p = 3 (mod 4), taking a; = ^ in Theorem 2.1 we obtain the result. Now 
suppose p = 1 (mod 4) and so p = a^ + 6^ with a,b e Z and a = 1 (mod 4). It is well 
known that ([6]) 

(2.5) P2n+i(0) = and P^^(0) = ' 

Thus, by (2.4) and (2.5) we have 

Elf -^^(o) = ^^(a) ("«><ip^). 

fe=0 ^ 2 \ 4 / 

According to the result due to Chowla, Dwork and Evans (see [2] or [3]), we have 

2P-^ + 1 
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(2a -A) (mod/). 



Set q = (2 V - (-1) Then 2^-^ = 1 + 2{-l)^qp (mod p^). Thus 

2P-1 + 1 _ 2 + 2(-l)^9p ( u'^ ( ^ 2^ 

^in- = = (-1) 4 (mod p ). 

2-2^ 2((-l)^+gp) 

Hence 

The proof is now complete. 

Remark 2.1 Theorem 2.2 was conjectured by Zhi-Wei Sun ([13]), and the congruence 

p-l /2fe\2 

Sfc=o 32fc (mod p) was also proved by Zhi-Wei Sun in [13]. 
Theorem 2.3. Let p be an odd prime and r e {1, 2, . . . , (p — l)/2}. Then 

p— 1 r) 

k=0 

(mod p^) z/4 I (p + 1 - 2r), 

(_l)^^2-^ ,_/_f ; +1;,, , (modp^) if4\{p-l-2r). 



4 ■ 4 



Proof. By (2.4) we have 



^ (-32) dV 
= E 7Hi:fc^(^ - 1) . . . (/c - r + l)(t - 1)'=-'- (mod /). 



Hence 

d'-P^it) S('")' 



,_n 32^= 
i-0 A;=0 



By (1.3) we have 

d^ 1 (-!)"'(/>- 1- 2m)! 

dtr"^^'^ 2(^>-i)/2 ■ m!(2^ - m)!(2^ - 2m)! 

1 ' (-l)"^(p- 1 -2m)! 



2m 



E 



Thus, 



2(p-i)/2 TO!(E^_^)!(P^_2m)! 
x(^-2m)(^-2m-l)---(^-2m-r+l)tV 

d'-Pp^ (t) r if r ^ 2^ (mod 2), 

t=o=] J-ZK\~'r^\. ifr=^-2m. 



-2m— r 



2(P-i)/2. m!(£^-m) 

Now combining all the above we obtain the result. 
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Corollary 2.1. Let p be an odd prime. Then 

^ PC^'^'I^ { (-1)^2-'^ pJfcUi (niodp2) z/p=l (mod 4), 
fc=o ^^'^ 1 (-1)^2-^ ^Jf=^ (mod p2) z/p = 3(mod4). 



4 ■ 4 



Proof. By Theorem 2.3 we have 



^ ^^2fe^2 I Q (mod p^) if p = 1 (mod 4), 



E 



32* ) (-1)'^ 2-*^ ^Jf^, (modp") ifp = 3(mod4) 

and 

A;(^-l)(?)' _ / (-l)'^2-^^^if=j3T (modp2) ifp=l (mod4), 



A;=0 K ^ P-J I p+i I 

ft— u V 4 • 4 ■ 



E 



A;=o I (mod p^) if p = 3 (mod 4). 

Observe that fc^ = k{k — 1) + k. From the above we deduce the result. 
Lemma 2.3. Let p be a prime greater than 3 and let t be a variable. Then 

„ , , (3k)l/l-t\k ^ ^ ^ 



4 • 4 



V 54 

Proof. Suppose r = 1 or 2 according as3|p— lor3|p — 2. Then clearly 

P^ + a ^ (£^+fe)(£^ + fc-l)...(2^-/, + l) 
2/c yl {2ky. 

{p + 3k — r){p + 3k — r — 3) ■ ■ ■ {p — {3k + r — 3)) 



(-1) 



32^= ■ (2fc)! 

(3/c - r)(3/c - r - 3) • ■ ■ (3 - r) • r(r + 3) ■ • • (3/c + r - 3) 

32^~(2A0! 

(-1)'= • (3A;)! (-!)'=• (3fc)! 



3-6---3fc-32'= • (2A;)! 3^= • /c! • 3^* ■ (2fc)! 
Hence, by Lemma 2.1 we have 



(mod p) . 



2A; JU/^ 2 ^ - ^ 33^-A;!(2A;)! ■ /cP I 2 / 



k=0 ^ / \ / fc=o 

= E^(ii^)%-.). 

fe=0 



This proves the lemma. 



Theorem 2.4. Let p be a prime greater than 3 and let x be a variable. Then 

[p/3] 
k=0 

Proof. As Pn{t) = {—l)'^Pn{—t), using Lemma 2.3 we deduce 

i:'S((ii^)'-M)-(^)>o(.o.., 

k=0 

Now putting t = 1 — 2x in the congruence we obtain the result. 
Corollary 2.2. Let p be a prime greater than 3. Then 

[p/3] 



fe=0 

Proof. Taking a; = 1 in Theorem 2.4 and noting that (— = (|) we deduce the 
result. 

Remark 2.2 By [8] or [10, p. 204] we have the following stronger supercongruence 
Lemma 2.4. Let p be an odd prime andke {1,2,... ,^}. Then 



{p-l)/2\ _ 1 {2k 



k J (-4)^= V k 



Proof. It is clear that 

^^ _ _ {p-i){p-3)---{p-{2k-i)) 



k J k\ 2^-k\ 

_ (-l)(-3)---(-(2fc-l)) / ^ 1 X 

(-1)' ■ (2*)! / ^ In ^ 2> 
This yields the result. 

Theorem 2.5. Let p be a prime greater than 5. Then 
^ (3fe)! _ / (mod p) z/6|p-5, 

^ 54^^ • /c!3 ~ \ 2^ (mod p) if & \ p - 1 and p = + 3B^ with 3 | ^ - 1 
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and 

k ■ (3A;)! [ {^od p) if6\p-l, 
^54^^! i(-l)4i2-4ig+;)/^^ (modp) if6\p-5. 

Proof. Taking t = in Lemma 2.3 and applying (2.5) and Lemma 2.4 we deduce that 

(3A;)! ( ^ (iiiod p) if p = 5 (mod 6), 

g sFTIis - I tg5^((,-i)/3) , ((.-.j/g p) if p . 1 (mod 6). 

Now suppose p = 1 (mod 6) and so p = + 3B^ with A,B E Z and A = 1 (mod 3). By 
[2, Theorem 9.4.4] we have ([pllj/e) = (mod p). Thus the first part follows. 
By Lemma 2.3 we have 

, [p/3] /o^M 

fe=0 

Thus, |P[f](t)|,^o = -EL=o' liW (modp). From (1.3) we know that 

^ r if p = 1 (mod 6), 

^""t^^^'^'-^ = I 2-^ . (-1)^^^ if p ^ 5 (mod 6). 

^ 6 ■ 6 ■ 

Thus the second part is true. 

Lemma 2.5. Let p be an odd prime and /c e {1, 2, . . . , ^^}. Then 



— 1 + 2^>E ^ ^ 3 - 2(-4)'=-^-A^ (mod p'). 



— (-) 

Proof. It is clear that 

((^-;)/2) (_i)/cE^(E^ _ 1) . . . _ + 1) 

(p + 2A;-l)(p+2A;-3)---(p + l) 



(_l)fc(p_l)(p_3)...(p_(2fc-l)) 

l-3---(2fc-l)(l+pEli2l^) 
l-3---(2/c-l)(l-pEj=i2i^) 

i=l i=l 



This together with Lemma 2.4 yields the result. 

8 



Theorem 2.6. Let p be an odd prime, x E T^p and x ^ —1 (mod p). Then 
Proof. It is known that (see [4, (3.134)]) 

fe=0 ^ ^ 

Thus, using Lemma 2.5 and (2.1) we see that 



^ k=0 ^ / \ / 



p / 2 \ 1 + x/ \ p / 2 \\-\-x 

This proves the theorem. 

Corollary 2.3. Let p he a prime of the form Ak + 3. Then p \ Pp-i (3). 

Proof. By Theorem 2.6 and (2.5) we have ^£^(3) = (f )P£_i(0) = (mod p). 
Theorem 2.7. Let p be an odd prime, x & Zp and x ^ (mod p). Then 

v-l 

— (2k\ 

.p, 



fc=0 



Proof. Clearly the result is true for x = 1 (mod p). Now assume x ^ 1 (mod p). 
As Pn{t) = {—^)^Pn{—t) (see [6]), using Theorem 2.6 we see that for t e Zp with 
t ^ ±1 (modp), 

(^)-^(m) - (-)^(^)-'^(^) 

Thus, 

p^(f^).(^^)p^(f±|)(™d.). 

Now applying (2.4) we deduce that 



E%^(^)'^(^)E%^(^)'(-a^) 



fc=0 k=0 
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and so 



p — 1 o 

-5- (2k^^ 



fe=0 ^ 

Set t = {1 + x)/{l — x). Then t ^ ±1 (mod p) and a; = (t — + 1). Hence the result 
follows. 

Let p be an odd prime, and x ^ I^p with a; ^ 0, 1 (mod p). By Theorems 2.1 and 2.7 
we have 

(p-l)/2 /2fe\2 . . (p-l)/2 /2^2 

[IQxY \ p ) ^ 

k=0 ^ ' ^ k=0 

Theorem 2.8. Let p be an odd prime, x & Zp and x ^ (mod p). Then 



/s=0 



k J V4/ V p / — V 2 
Proof. Prom [4, (3.138)] we have the following result due to Kelisky 



fc=0 

Taking n= {p — l)/2 in (2.8) we have 



fc=0 ^ 2 

To see the result, using Lemma 2.2 we note that for < /c < 



(2.9) 



2 ' 

p-l-2k\ {p-l-2k){p-2-2k)---{p- + k)) 



^_,i2k+l)i2k + 2)...i^ + k) 



= (-l)^-('^2.^')-(-l)^^(mod,). 

Theorem 2.9. Let p be a prime of the form 4/c + 1 and p = + b^ with a,b & Z and 
a = 1 (mod 4). Then 

p — l r) P — 1 O 

/'2A;\2 /2fc^2 



/2k\ — 2 — /2,k\ 

E - E Mi - ^^(3) - (-1)'-' (2« - 1;) (-od 
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Proof. By Theorem 2.1 and (2.4) we have yILq (^kf^~^ = EI=o ^kf i''^^)'^ = 
-P£^(3) (mod p^). From Theorem 2.6, (2.5) and Gauss' congruence ({pljj/^ = 2a 
(mod p) (see [2] ) we have 

Write Pp^ (3) = (-1)^ -20 + Then Pp^ (3)^ = 4a2 + (-1)^ • 4agp (mod p^). By 

a result due to Van Hamme [15], we have (Zlfelo CT)C^k^^))'^ = ~ '^P (^^^ P^)- 
This together with (2.1) yields Pp-i (3)^ = 4a^ — 2p (mod p^). Hence (—1)^ • Aaq = 

—2 (mod p) and so Pp-i (3) = (—1)^ • 2a — 2(_i)(p-i)/4a (mod p^). Now combining all 
the above we obtain the result. 

Remark 2.3 For a prime p — Ak -\- 1 — -\- iP with a = 1 (mod 4), the congruence 

E£o'^^' = EtV^^' ff)'(-16)-'= = (-1)"^ ■ 2a (mod p) was proved by Zhi- 

Wei Sun in [13], and he also conjectured Efc="o'^^^ ^kf^~^ = Eto'^^^ Ck)\-'^^)~'' 
^(-l)^(2a-^) (modp2). 

Theorem 2.10. Let p be a prime of the form 4/c + 1 and so p — a? -\- h"^ with a,b E Z 
and a = 1 (mod 4) . Then 

Proof. Since eS (?)'i6-^ + eS (t)'(-16)-'^ = 2^2 (S)'l6-^^ by (1.1) 
and Theorem 2.9 we deduce the result. 

For a prime p > 3 and A,B,Ce Zp let ^Ep{y'^ = + Ax^ + Bx + C) be the number 
of points on the curve Ep : y'^ = x^ + Ax"^ + Ex + C over the field Fp of p elements. 

Lemma 2.6 ([5]). Let p > 3 be a prime and A e Zp to^/i A ^ 0, 1 (mod p). Then 

p-i 

P + 1 - #£^p(y' = a;(a; - l)(a; - A)) ^ (-1)^ J] f "^..^ ^) (-^)' (^^^ p). 



Theorem 2.11. Let p > 3 be a prime and t E Zp. Then 

fc=0 ^ ^ a;=0 ■'^ 
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Proof. For t = ±1 (mod p) we have 
'a;3-3(t2 + 3)x + 2t(t2-9)\ 



x=0 ^ x=0 ^ ^ x=0 ^ 



x=0 x=0 

Thus applying (2.4) and the fact Pn{±l) — (±1)" (see [6]) we deduce the result. 

Now assume t ^ ±1 (mod p). For A,B,C e Zp, it is easily seen that (see for example 
[12, pp. 221-222]) 

i^E,iy' = x^ + Ax' + Bx + C)=p+l + Y,{^^^^^^^^^^)- 

x=0 P 

Taking A = (1 — t)/2 in Lemma 2.6 and applying the above and (2.1) we see that 



-^(') = E(-/*)(T)(¥)' 

k — 

= (-l)'-^(p + 1 - #E,{y^ = x(x - - (1 - t)/2))) 
= (-1)^ £ (1-0/2)) 



x=0 

Since 

p-i 



-^^ x{x-l){x-{l-t)/2) ^ 
^ g (- f(f-l)(§-¥) -| ^ (^2Nj g ^ x(x-2)(a; + t-l) ^^ 

K=0 ^ ^ a;=0 ^ 

_ /2\ ^ _ 3)^2 _ 2{t - l)x\ 

^ (^2>| g ^ (x - y )3 + (t - 3)(x - y )^ - 2{t -l){x-i^) ^ 

^ x=0 ^ ^ a;=0 ^ 

- /"^^ V" p^-3(t^ + 3)a; + 2t(t^-9) >. 

- Kp) I ^ j' 



by the above and (2.4) we obtain the result. The proof is now complete. 
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Theorem 2.12. Let p > 3 be a prime. Then 
u ^ o1^ V-/^2a' ^ (t)' /p\ ^ /a;3- 723a; -7378 N , ^ , 

fe=0 ^ ^ fe=0 a;=0 ^ 

P£^(33) 

V-/ .Nfc/^2/cV , ,,£^^ Ckf , ,,£+1 ^ -91x + 330\ , ^ , 

. J .(-1) . E^-(-i) ' E( ^ ) (-<irt. 

^^(-15) - £ - (^) E - (-1)- E [^^^) (.od p). 

A;=0 fc=0 a;=0 

p— 1 o P~ 1 O 1 

w - E - (-1)^ E - (-1)-*^ E (^^^) (-od rt, 

A;=0 ^ ' k=0 ^ ^ x^O ^ 

p—1 o p— 1 n -, 

-^(^) ^ E ^ (^) E ^ ^ - I) E ^^^^) (-odp). 

A;=0 ^ ^ fc=0 ^ ^ K=0 ^ 



Proof. Taking t = —31 in Theorem 2.11 and applying Theorem 2.7 we see that 

' _ /-6\^ 3(312 + 3)x- 62(312 -9)' 



-v(-3i)^eQ ^Eyr^-(^)E(^ 



/c=0 ^ ^ k=0 ^ x=Q ^ 

_ _ / -6\ / {2x)^ - 4 • 723 • 2a; - 8 • 7378\ 

=-(^)E r-"r"" ) 

Taking t = 33 in Theorem 2.11 and applying Theorem 2.7 we see that 

Pp^ (33) 

2 

p—1 p— 1 o 



fe=0 ^ ^ fc=0 ^ ^ x=Q ^ 

/-6\ /(6x)3 - 36 ■ 91 • 6x + 216 ■ 330\ 

/-1\ ^ /x^ - 91x + 330\ , , , 
= -(yj E ( j (-odp). 



The remaining congruences can be proved similarly. 
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For a, 6, n e N, if n = ax"^ + hy^ for some x^y ^'L^ we say that n = ax'^ + by'^. In 2003, 
Rodriguez- Villegas [11] posed many conjectures on supercongruences. In particular, he 
conjectured that for any prime p > S, 

y4 (4/c)! _ [ 4x'^ — 2p (mod p^) if p = 1, 3 (mod 8) and so p — x'^ + 2y'^, 



and 



256'= /cl^ i (mod p^) if p = 5, 7 (mod 8) 



^ Ck)^Ck) _ / 4a;2 - 2p (mod p^) if 3 | p - 1 and so p = a;^ + 3y^, 

k=0 



108'^ { (mod p2) if 3 I p - 2. 



Recently the author's twin brother Zhi-Wei Sun ([13,14]) made a lot of conjectures on 
supercongruences. In particular, he conjectured that for a prime p ^ 2,7, 

^ /2kY ^ ^ (4fe)! ^ r 4a;2 - 2p (mod p^) if (E) = 1 and so p = a;^ + Ty^, 
t^V^^ ^^0^™^^ if(f) = -l. 

Inspired by their work, we pose the following conjectures. 
Conjecture 2.1. Let p > S be a prime. Then 

{4k)\ _ f 4a;^ - 2p (mod p^) ifp = 1 (mod 4) and p = x'^ + y'^ with 2\x, 

k=o 



648'=A;!4 [ (mod p^) ifp = S (mod 4). 



Conjecture 2.2. Let p > S be a prime. Then 

^ {4k)l _ r 4x2 - 2p (mod i/p = 1 (mod 3) and so p = a;^ + 3?/2, 
^ (-144)'=/c!4 " \ (mod p^) i/p = 2 (mod 3). 

Conjecture 2.3. Let p ^ 2,3,7 be a prime. Then 

(4A;)! r 4a;2 — 2p (mod p^) i/p = 1, 2, 4 (mod 7) and so p = x"^ + 7y'^ , 



k=0 



(-3969)'=A;!4 [ (mod p^) ifp =3,5,6 (mod 7) . 



Conjecture 2.4. Let p 7^ 2,3, 11 be a prime. Then 

(6^)! r (t§)(42;2 - 2p) (mod z/ 4 | p - 1 ancZ p = + 2 f 

^ 663fc(3/c)!/c!3 = \ (mod p^) z/4|p-3. 
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Conjecture 2.5. Let p > 5 be a prime. Then 

{6k)\ \ (^)(4a;^ - 2p) (mod p^) if p = 1,3 (mod 8) and p = x'^ + 2y'^, 



E 

fc=0 



203'=(3A;)!/c!3 1 o (mod p^) if p = 5, 7 (mod 8). 



Conjecture 2.6. Let p > 5 be a prime. Then 

J2 _ [ (f)(4x2 -2p) (modp2) if3\p-landsop = x^ + 3y^ 



k=0 



54000'=(3A;)!A;!3 [ O (mod p^) ifS\p- 2. 



Conjecture 2.7. Letp > 5 be a prime. Then 

(6fc)! 



, -12288000)'=(3A;)!A;!3 

(^)(L2 - 2p) (mod = 1 (mod 3) and so 4p = L^ + 27M^ 

(mod p^) z/p = 2 (mod 3). 

Conjecture 2.8. Let p> 1 be a prime. Then 
^ (6A;)! ^ r (^)(4x2 - 2p) (mod p^) ^/ (£) = I and so p = x'' + 

(-15)3'=(3A;)!A;!3 " \ o (mod p^) i/ (£) = _i. 

Conjecture 2.9. Le^ p 7^ 2, 3, 5, 7, 17 6e a prime. Then 

^ (6fe)! ^ r (2f5)(4a;2 - 2p) (mod p^) z/ (f ) = 1 and so p = + 7^^, 
^ 2553'=(3A;)!/e!3 " \ (mod p^) if (£) = _i. 

Conjecture 2.10. Let p > 3 be a prime. Then 

Ck)^Ck) _ / - 2p (mod p2) i/p = 1 (mod 3) and so p ^ x^ + , 



^ 1458^ i (mod p^) if p = 2 (mod 3). 

Conjecture 2.11. Let p > 5 be a prime. Then 

p-i ^2k\'^ /3k\ { 4^^ ~ 2p (mod p"^) if p =1,4 (mod 15) and so p = x^ -\- 15y^, 

Yl i53fc^ = < 2p - 12a;2 (mod p^) if p = 2,8 (mod 15) an(i so p = 3x^ + 5y^, 

^==0 [ (mod p2) «/p = 7, 11, 13, 14 (mod 15). 

Conjecture 2.12. Let p > 5 be a prime. Then 

4a;^ — 2p (mod p^) if3\p— l,p = x^ + 3y^ and 5 | xy, 

p — 2x'^ ± 6xy (mod p^) if 3 \ p — 1, p = x^ + 3y^ , h \ xy 

and X = ±y, ±2y (mod 5), 
L (mod p2) z/3 |p-2. 



E \k) \k) 
k-o (-8640)'= 



Conjecture 2.13. Let p > 3 be a prime. Then 

g {3k)l _ / (f)(2x- ^) (mod/) if3\p-l and sop = x^ + 3y' 



fc=0 



54'^ -kl^ l0(modp2) z/3|p-2. 
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